Recent experiments suggest that Bose-Einstein condensation (BEC) in liquid 4 He can be localized when the liquid is confined in porous media. We demonstrate in a simple model of hard core bosons using Monte Carlo that the condensate can be separated into two parts. The two regions of condensate are separated by a region of uncondensed fluid that forms in response to a local attractive external potential. The aim is to illustrate that separated condensates, and therefore localized BEC, can be created in porous media.
INTRODUCTION
Bose-Einstein condensation in confined and trapped systems is a topic of great current interest. One example is liquid 4 He confined in porous media 1 , in which there can be Bose-Einstein condensation (BEC) 2 and superfluidity 1 at low temperature. Another is gases of alkali atoms confined in magnetic or optical traps 3, 4 where almost the entire system is Bose condensed. Especially interesting is the combination of finite size systems and disorder as found in porous media and can be introduced in optical traps 5 .
Recent experiments on liquid 4 He in several porous media suggest that BEC can be localized in porous media [6] [7] [8] [9] . Specifically, when the condensate fraction in the fluid is small, the condensate will exist only in favorable locations in the porous media, for example in the larger pores. In the remaining regions there will be no condensate, only normal fluid, producing localized regions of BEC separated by normal fluid.
More precisely, at low temperature and at low pressure, we expect BEC in all regions of the porous media. In this case we anticipate BEC extended across the whole sample and connected phase coherence in a continuous condensate. In this event, there should be macroscopic superflow that could be observed in a torsional oscillator experiment. The condensate fraction can be made small by increasing the temperature 6, 10 or increasing the pressure 11 . In the latter case, the condensate is depleted by the increased interaction between the bosons as the density is increased. As the condensate fraction decreases, it is possible that the condensate will form only in larger pores. Specifically, there could be debris in the pores and regions or lines of high attraction to the media walls (high fluid density) where the condensate goes to zero. In this event there would be only local regions of BEC and local phase coherence, rather than extended phase coherence as needed for superfluidity. In this picture, the superfluid phase is associated with extended phase coherence and the superfluid-normal (S-N) transition temperature T c with an extended to localized BEC crossover.
Experimental evidence for localized BEC is that well-defined phononroton excitations in liquid 4 He in porous media are observed above T c in the normal liquid phase [6] [7] [8] [9] 12 . Since well-defined excitations in liquid 4 He exist only when there is BEC, this suggests that there is BEC above T c . This BEC must be localized because otherwise there would be superflow. T c in porous media lies below T λ , the S-N transition temperature in bulk liquid 4 He. The well defined excitations are observed up to temperatures close to T λ . Also, Shirahama and co-workers 13 have observed a possible quantum phase transition (QPT) in liquid 4 He in 25Å pore-diameter gelsil. As pressure is increased at T ≈ 0 K, there is a superfluid to normal QPT at a critical pressure p c ≈ 35 bar. Calculations 11,14 of the condensate fraction in bulk liquid 4 He as a function of pressure suggest that the condensate fraction n 0 (p) falls exponentially with increasing pressure but n 0 does not actually go to zero at high pressures. Since n 0 does not go to zero under pressure (e.g., n 0 ≈ 1% at p = 100 bar) a possible interpretation is that p c is associated with an extended-localized BEC cross-over. The QPT may also be associated with loss of well-defined phonon-roton modes at high pressure 9 .
The aim of the present paper is to demonstrate in a simple model that BEC can indeed be localized. We show essentially that the condensate in a fluid of hard-core (HC) bosons can be split into two parts separated by a region where n 0 = 0. To do this we introduce a trough of highly attractive potential between two otherwise uniform regions. When the trough potential is deep enough and the boson density is high enough, the condensate fraction goes to zero in the trough. This leaves two separate regions of BEC which are localized in each side of the trough.
In the following section we describe our Monte Carlo calculations of the condensate density of HC bosons in a model porous medium. The results are presented in section 3 and discussed in section 4.
METHODS

A. The System
We consider N hard core (HC) bosons of diameter a at T = 0 K confined in a rectangular cell depicted in Fig. 1 . The dimensions of the cell, in units of one half of the cell width, along the x, y and z axes are L x = L y = 2 and L z = 3. We use periodic boundary conditions along x and y and a hard wall at L z = ±3/2. There are typically N = 40 bosons in the cell and the parameter na 3 is varied by varying both the HC diameter a and the density
There is a uniform external potential −V 0 confined to a trough centered at z = 0 as shown in Fig. 1 . The external potential is given by
with b = 0.2. We therefore have a system that is uniform everywhere except for a thin "slab" of attraction halfway between the walls. The magnitude of V 0 is chosen to be 4.76T 0 , where T 0 is the ground state kinetic energy per particle for a non-interacting gas in this system. In absolute units for particles having helium mass, V 0 = 2.85 K if we choose L z = 60Å and b = 4 A. The wave function of the bosons is given by
where
which is the single-particle ground state solution for the system described above (the ground state wave function does not have x-or y-dependence). Smooth-joining of the solutions and the boundary conditions at the walls leads to
We also have,
Together, (4) and (5) fix κ and k. The relative magnitudes of the coefficients are also fixed in the process. The Jastrow function is chosen as
where a is the scattering length.
B. Natural orbitals and occupation numbers
The one-body density matrix (OBDM) is defined by
The natural orbitals (NO) can then be defined as [15] [16] [17] 
with N i being the occupation numbers corresponding to the natural orbitals ψ i . The index i here is a shorthand for all the quantum numbers required to uniquely identify an NO of the system. Eq. 8 implies that the natural orbitals and their respective occupation numbers can be found by diagonalizing the OBDM:
For a system uniform in x-and y-direction, the natural orbitals should have the form
where m, n, p are the state indices and k m , l n the wave numbers along x and y, determined from the boundary conditions along those directions. In this case, Eq. 9 reduces to
Since our goal is to find N 0 ≡ N 000 , we only need to concern ourselves with m = n = 0, in which case equation Eq. 12 becomes
We evaluate ρ 00 (z , z) through Monte Carlo simulation and then numerically diagonalize it to find N 0 , which is simply the occupation number corresponding to the highest occupied natural orbital.
RESULTS
As noted we consider N = 40 HC bosons at T = 0 K in the cell depicted in Fig. 1 . Our interest is the variation of the number density, n(z), and of the condensate fraction f 0 (z) = N 0 (z)/N (z) of the bosons along the z axis. Particularly, we are interested in the condensate fraction near z = 0, especially f 0 (z = 0), where there is an external potential −V 0 . As discussed above, we evaluate the one body density matrix (OBDM), ρ(z, z ), along the z axis. The OBDM is then diagonalized numerically to obtain the condensate orbital Z 0 (z) and the condensate density n 0 (z) = N 0 |Z 0 (z)| 2 as a function of z. Our particular goal is to illustrate that f 0 (z = 0) in the potential trough can be reduced to zero when the density parameter na 3 is large enough. Fig. 2a shows the total density n(z) and the condensate density n 0 (z) in the cell for na 3 = 3 × 10 −3 (n = N/V ). At this value of na 3 the Bose gas is fairly dilute similar to gases of alkali atoms in magnetic traps. At na 3 = 3 × 10 −3 , there is some depletion of condensate arising from the interaction between the bosons. This depletion is almost entirely in the trough where the number density is highest. Fig. 2b shows the condensate fraction f 0 (z) = N 0 (z)/N (z) as function of z which illustrates that the depletion of the condensate is largest at z = 0. However, at this density the condensate is still largely in the trough. Similarly, at dilute densities, the condensate in an alkali gas confined in a harmonic trap is found chiefly at the center of the trap where the attractive external potential is largest. This is the case since the number of particles is highest at the central bin -which also makes N 0 relatively high there because density is not high enough to give significant depletion of the condensate. Fig. 3a shows the total density n(z) and the condensate density n 0 (z) for na 3 = 0.09. At this higher (30 times higher) value of na 3 , the distribution of the condensate in the cell is qualitatively different. The condensate density in the trough lies below that in the regions of zero external potential on each side of the trough. The condensate is expelled from the trough, essentially because the depletion of the condensate by the interaction is so large in the trough. The condensate fraction f 0 (z) is shown in Fig. 3b where we see that the condensate fraction is reduced to f 0 (z = 0) = 0.02 at the center of the trough. At na 3 = 0.09, the condensate is found chiefly outside the trough, on each side of the trough where the number density is lower. Similarly for alkali gases in harmonic traps at high density (high na 3 ), the condensate is found at the edges of the trap where boson density is lowest 16, 17 . This is also similar to helium droplets where the condensate fraction is large at the surface of the droplet where the density is low. 18 In Fig. 3a , the density on each side of the trough shows oscillations. This is the beginning of layer formation around the high density in the trough. Calculations of the helium density adjacent to porous media walls shows clear layer formation [19] [20] [21] .
When the density parameter is increased to na 3 = 0.21, the value corresponding to bulk liquid 4 He at SVP, the condensate fraction in the trough is reduced to f 0 (z = 0) = 0.01%. This value can be considered effectively zero since at p = 40 bars in bulk liquid 4 He the condensate fraction is still f 0 ≈ 2%, one hundred times larger. Thus, at liquid 4 He densities, the liquid in the trough, the region of a highly attractive potential, can be considered normal liquid (no condensate). In this way, the condensate can be divided into two parts separated by a region of normal liquid. For a uniform fluid of hard spheres at na 3 = 0.21, the condensate fraction is f 0 = 8%. In the present geometry shown in Fig. 1 , we find f 0 = f 0 (z) dz = 2.1% at na 3 = 0.21. Thus the trough and the hard walls along z axis reduce the total f 0 significantly below the uniform fluid value of 8%.
In Fig. 4 , we show the condensate fraction versus z for three values of na 3 . Fig. 5 shows f 0 (z = 0) versus na 3 .
DISCUSSION AND CONCLUSION
We have investigated BEC in a fluid of hard-core (HC) bosons confined in a rectangular cell that has a strip of external potential. In a uniform system, the condensate fraction f 0 is a sensitive function of the density parameter na 3 , where n = N/V and a is the HC diameter 22 . As na 3 increases, f 0 decreases, especially for na 3 ≥ 0.1. In non-uniform systems, f 0 is low in regions of large attractive external potential where the density na 3 is high 16, 17 . In an otherwise uniform cell we have introduced an attractive potential trough which separates the cell into two parts. The local number density na 3 is high in the trough and the local condensate fraction f 0 is low.
If the overall number density in the cell is made high enough, the condensate fraction can be reduced to nearly zero (f 0 = .01%) in the trough. The trough potential, V 0 ≈ 5T 0 represents a strong potential in model terms since T 0 , the kinetic energy per boson, is of the order of the chemical potential. However, for HC helium in a cell of length L z = 60Å, this corresponds to V 0 ≈ 3 K which is weak compared to the potential well depth of −86.9 K seen by a helium atom adjacent to a Vycor wall 21, 23 . In this way, the condensate is separated into two halves. We thus demonstrate that regions of attractive potential in a disordered system can lead to highly localized BEC.
Strictly, we cannot say that f 0 is exactly zero in the trough region. There is always a statistical uncertainty in a Monte Carlo calculation that prevents us from being able to say that f 0 has been driven to zero. In addition, even if f 0 were zero over a small width, there is a possibility of quantum tunneling at low temperature across the zero condensate region as in a Josephson junction. Strictly, all we can say is that there is a weak link across the trough, one that would greatly reduce the observable superfluid density across a sample that contains these weak links. Also, as temperature is raised, f 0 would be expected to go to zero in the trough and quantum transport cease at a much lower temperature than in a sample without the weak links.
The helium in the trough may also be more solid-like than liquid-like at high enough overall densities. If the helium becomes solid-like, as helium does adjacent to porous media walls, this would be a further reason why the condensate fraction goes to zero in the trough. Indeed, the total density profile shown in the upper frame of Fig.3 shows correlations in the total density on each side of the trough suggestive of some solid-like order.
In this picture, a superfluid-normal (S-N) transition in liquid 4 He in porous media could take place at the crossover from extended to localized BEC. In the extended state, we anticipate connected phase coherence and superflow across the whole sample. In the "normal" phase at temperatures above T c , we expect localized BEC. In porous media, the confinement and disorder always lowers the normal-superfluid transition temperature, T c , below the bulk liquid value, T λ . The smaller the pore size the lower is T c . Beginning at high temperature, we expect localized BEC to form at or somewhat below T λ . As temperature is further lowered, the islands of BEC grow until at T c the islands connect and there is phase coherence and superflow across the sample.
Similarly, the apparent superfluid-normal QPT as a function of pressure 13 may involve the same phenomena. At T ≈ 0, as pressure is applied in the superfluid phase, the condensate fraction falls. The S-N transition may take place at a critical pressure p c when the condensate becomes small enough that there is an extended-localized BEC crossover. The p c is expected to lie at a pressure below the pressure at which BEC vanishes everywhere. Indeed, as noted above, in bulk 4 He, n 0 appears to decrease exponentially with increasing pressure but does not actually go to zero 11,14 . 
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